We introduce the notion of 3-Hom-Lie-Rinehart algebra and systematically describe a cohomology complex by considering coefficient modules. Furthermore, we consider extensions of a 3-Hom-Lie-Rinehart algebra and characterize the first cohomology space in terms of the group of automorphisms of an A-split abelian extension and the equivalence classes of A-split abelian extensions. Finally, we study formal deformations of 3-Hom-Lie-Rinehart algebras.
INTRODUCTION
The notion of Lie-Rinehart algebra plays an important role in many branches of mathematics. The idea of this notion goes back to the work of Jacobson to study certain field extensions. It is also appeared in some different names in several areas which includes differential geometry and differential Galois theory. In [12] , Mackenzie provided a list of 14 different terms mentioned for this notion. Huebschmann viewed Lie-Rinehart algebras as an algebraic counterpart of Lie algebroids defined over smoothmanifolds. His work on several aspects of this algebra has been developed systematically through a series of articles namely [7] [8] [9] [10] .
The notion of Hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in [5] as part of a study of deformations of the Witt and the Virasoro algebras. In a Rinehart algebras. The associated deformation cohomology that controls deformations is constructed using multiderivations of 3-Hom-Lie-Rinehart algebras.
Preliminaries
Let R denote a commutative ring with unity and Z + be the set of all non-negative integers. We will consider all modules, algebras and their tensor products over such a ring R and all linear maps to be R-linear unless otherwise stated. And we recall some basic definitions and results related to our paper from [2] and [18] . Let us denote by Der φ (A) the set of φ-derivations of A into itself. 
Definition 1.2. A Hom-Lie-Rinehart algebra over (A, φ) is a tuple (A,
A Hom-Lie-Rinehart algebra (A, L, [·, ·], φ, α, ρ) is said to be regular if the map φ :
A → A is an algebra automorphism and α : L → L is a bijective map.
for any x, y, u, v, w ∈ L.
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is said to be regular if the map φ : A → A is an algebra automorphism and α : L → L is a bijective map. 
in the category of 3-Lie-Rinehart algebras, then we get a 3-Hom-Lie-Rinehart algebra 
for all x ∈ L and a ∈ A. (3) The action of g on A via φ-derivations is given by
for all x, y ∈ L and a, b, c ∈ A. 
for any x ∈ L and a ∈ A.
for any x, y ∈ L and a, b, c ∈ A.
Next we define homomorphisms of 3-Hom-Lie-Rinehart algebras.
), for all x, y ∈ L and a ∈ A.
Cohomology of 3-Hom-Lie-Rinehart algebras
Let A be an associative and commutative R-algebra and φ be an algebra automorphism of A and (L, α) be a 3-Hom-Lie-Rinehart algebra over (A, φ). 
Proof. Since (L, α) and (M, β) are A-modules, then (L ⊕ M, α + β) is an A-module and satisfies
is a 3-Hom-Lie algebra with above operations, and (A, ρ L⊕M ) is a 3-Hom-Lie algebra L ⊕ M -module. For any
Then (M, β) is a left module over (L, α).
Next we consider the Z + -graded space of R-modules
for 3-Hom-Lie-Rinehart algebra (L, α) with coefficients in (M, β). We denote by C n (L; M ) the space of all linear maps f :
Proof. It follows by straightforward computations. We omit details. By the above proposition, (C * (L, M ), δ) is a cochain complex. The resulting cohomology of the cochain complex can be defined as the cohomology space of 3-Hom-Lie-Rinehart algebra (L, α) with coeffcients in (M, β), and we denote this cohomology as H * HLR (L, M ).
for any x, y, z ∈ L, then ν is called a 0-cocycle associated with ρ.
for any x, y, z, u, v ∈ L, then ω is called a 1-cocycle associated with ρ.
Abelian extensions of 3-Hom-Lie-Rinehart algebras
In this section, we introduce abelian extensions of a 3-Hom-Lie-Rinehart algebra. We show that associated to any abelian extension, there is a representation and a 1-cocycle. Furthermore, abelian extensions can be classified by the first cohomology group.
Definition 4.1. The following sequence of 3-Hom-Lie-Rinehart algebras
Furthermore, if there exists a splitting which is also a homomorphism between 3-HomLie-Rinehart algebras, we say that the extension is split.
Note that any 3-Hom-Lie-Rinehart algebra module (M, β) gives a 3-Hom-Lie-Rinehart algebra (A, M, [·, ·, ·] M , φ, β, ρ M ), with a trivial bracket and a trivial anchor map.
Definition 4.2. Let (L, α) be a 3-Hom-Lie-Rinehart algebra over (A, φ) and (M, β) be a module over (L, α). A short exact sequence
Next, we will show that the first cohomology space H 1 HLR (L, M ) of a 3-Hom-LieRinehart algebra (L, α) with coeffcients in (M, β) classifies A-split abelian extensions of (L, α) by (M, β).
Theorem 4.3. There is a one-to-one correspondence between the equivalent classes of A-split abelian extensions of a 3-Hom-Lie-Rinehart algebra (L, α) by (M, β) and the cohomology classes in H
Proof. Let ω be a map of the cohomology class [ω] ∈ H 1 HLR (L, M ). Consider a 3-Hom-Lie-Rinehart algebra, where the structure constraints are given as follows:
is an A-split abelian extension of (L, α) by (M, β), where i : M → L ′ is defined by
Suppose we take an another map ω ′ of the cohomology class [ω] ∈ H 1 HLR (L, M ) and get an extension (L ′′ , α ′′ ) as above. Since ω and ω ′ represent the same cohomology class
gives an isomorphism of the above extensions obtained by using ω and ω ′ respectively. Thus for a cohomology class in H 1 HLR (L, M ) there is a unique equivalence class of A-split abelian extensions of (L, α) by (M, β).
Conversely, let
be an A-split abelian extension of (L, α) by (M, β). We will show that there is a 1-cocycle in C 1 (L, M ) which is independent of a section for the map σ. Now, we fix a section τ : (L, α) → (L ′ , α ′ ) for the map σ. Denote by
for all x 1 , x 2 ∈ L and m ∈ M , it is easy to check that ρ is a representation of L on M and does not depend on the choice of the section τ . Moreover, equivalent A-split abelian extensions give the same representation of
Then G is an isomorphism of A-modules.
for all x, y, z ∈ L, we have (1) Ω τ is a 3-ary skew-symmetric R-linear map and it satisfies Ω τ (a·x, y, z) = φ 2 (a)Ω τ (x, y, z) for all x, y, z ∈ L, a ∈ A, (2) δ(Ω τ ) = 0, which follows using 3-Hom-Jacobi identity for (
Finally, we will show that for two equivalent A-split abelian extensions, the associated 1-cocycles are cohomologous.
be another A-split abelian extension of (L, α) by (M, β), and it is isomorphic to the extension:
In the next result we will present a characterisation of the first cohomology space
in terms of group of automorphisms of an A-split abelian extension.
Theorem 4.4. There is a one-to-one correspondence between the group of automorphisms of a given A-split abelian extension,
Proof. Similar to [18] .
Deformations of 3-Hom-Lie-Rinehart algebras
In this section, we study formal deformations of 3-Hom-Lie-Rinehart algebras. The associated deformation cohomology that controls deformations is constructed using multiderivations of 3-Hom-Lie-Rinehart algebras.
We recall the notion of multiderivation of degree n from [15] . 
for all x 0 , · · ·., By [15] , we have
, then define a bracket as follows:
is given by the expression below for any
Here, we denote the (q + 1, p) shuffles in S q+p+1 (the symmetric group on the set {1, , p + q + 1}) by Sh(q + 1, p), and for any permutation τ ∈ S q+p+1 , |τ | denotes the signature of the permutation (τ ). Hence, the bracket [
. Then the space of (φ, β)-multiderivations of M has a graded Lie algebra structure.
Next we describe a 3-Hom-Lie-Rinehart algebra structures in terms of the graded Lie algebra obtained above. Let us define a cochain complex (C * def (L, α), δ), where
, the coboundary expression is given as follows. Proof. Let m t be a deformation of 3-Hom-Lie-Rinehart algebra with n-infinitesimal m n for some n ≥ 1. Assume that there exists a 3-cochain φ ∈ C 2 def (L, α) with δ(φ = m n ). Set Φ t = id L + φt n and m = Φ So m n = 0. Then the deformation whose n-infinitesimal is not a coboundary for some n ≥ 1.
